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1. Introduction
It is well known that most quantum ﬁeld theory models are divergent in the ultraviolet region. In order to deal with the divergent
expressions, it is necessary to regularize a theory. Although physical results does not depend on regularization, a proper choice of the reg-
ularization can considerably simplify calculations or reveal some features of quantum corrections. Most calculations in the quantum ﬁeld
theory where made with the dimensional regularization [1]. However, the dimensional regularization is not convenient for calculations in
supersymmetric theories, because it breaks the supersymmetry. That is why in supersymmetric theories one usually uses its modiﬁcation,
called the dimensional reduction [2]. There are a lot of calculations, made in supersymmetric theories with the dimensional reduction, see
e.g. [3]. However, it is well known that the dimensional reduction is not self-consistent [4]. Ways, allowing to avoid such problems, are
discussed in the literature [5]. Other regularizations are sometimes applied for calculations in supersymmetric theories. For example, in
Ref. [6] two-loop β-function of the N = 1 supersymmetric Yang–Mills theory was calculated with the differential renormalization [7].
A self-consistent regularization, which does not break the supersymmetry, is the higher covariant derivative regularization [8], which
was generalized to the supersymmetric case in Ref. [9] (another variant was proposed in Ref. [10]). However, using this regularization is
rather technically complicated. The ﬁrst calculation of quantum corrections for the (non-supersymmetric) Yang–Mills theory was made
in Ref. [11]. Taking into account corrections, made in subsequent papers [12], the result for the β-function appeared to be the same
as the well-known result, obtained with the dimensional regularization [13]. In principle, it is possible to prove that in the one-loop
approximation calculations with the higher covariant derivative regularization always agree with the results of calculations with the
dimensional regularization [14]. Some calculations in the one-loop and two-loop approximations were made for various theories [15,
16] with a variant of the higher covariant derivative regularization, proposed in [17]. The structure of the corresponding integrals was
discussed in Ref. [16].
Application of the higher covariant derivative regularization to calculation of quantum corrections in the N = 1 supersymmetric elec-
trodynamics in two and three loops [18,19] reveals an interesting feature of quantum corrections: all integrals, deﬁning the β-function
appear to be integrals of total derivatives and can be easily calculated. This makes possible analytical multiloop calculations with the
higher covariant derivative regularization in supersymmetric theories and allows to explain the origin of the NSVZ β-function, which re-
lates the β-function in n-th loop with the β-function and the anomalous dimensions in the previous loops. Due to this, application of this
regularization is sometimes very convenient in the supersymmetric case. The fact that the integrals, appearing with the higher covariant
derivative regularization, in the limit of zero external momentum become integrals of total derivatives, seems to be a general feature of all
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for a general N = 1 supersymmetric Yang–Mills theory. This is made in this Letter. Note that in order to do this calculation, it is necessary
to introduce higher covariant derivative terms not only for the gauge ﬁeld, but also for the matter superﬁelds.
The Letter is organized as follows:
In Section 2 we introduce the notation and recall basic information about the higher covariant derivative regularization. The β-function
for the considered theory is calculated in Section 3. The result is brieﬂy discussed in Section 4.
2. N = 1 supersymmetric Yang–Mills theory and the higher covariant derivative regularization
In this Letter we calculate β-function for a general renormalizable N = 1 supersymmetric Yang–Mills theory. In the massless case this
theory is described by the action
S = 1
2e2
Re tr
∫
d4xd2θ WaC
abWb + 14
∫
d4xd4θ
(
φ∗
)i(
e2V
)
i
jφ j +
(
1
6
∫
d4xd2θ λi jkφiφ jφk + h.c.
)
, (1)
where φi are chiral matter superﬁelds in the representation R , which is in general reducible. V is a real scalar gauge superﬁeld. The
superﬁeld Wa is a supersymmetric gauge ﬁeld stress tensor, which is deﬁned by
Wa = 1
8
D¯2
(
e−2V Dae2V
)
. (2)
In our notation Da and D¯a are the right and left supersymmetric covariant derivatives respectively, V = eV AT A , and the generators of the
fundamental representation are normalized by the condition
tr
(
t AtB
)= 1
2
δAB . (3)
Action (1) should be invariant under the gauge transformations
φ → eiΛφ, e2V → eiΛ+e2V e−iΛ, (4)
where Λ is an arbitrary chiral superﬁeld. As a consequence, the coeﬃcient λi jk should satisfy the condition
(
T A
)
m
iλmjk + (T A)m jλimk + (T A)mkλi jm = 0. (5)
For calculation of quantum corrections it is convenient to use the background ﬁeld method. In the supersymmetric case it can be
formulated as follows [20]: Let us make the substitution
e2V → e2V ′ ≡ eΩ+e2V eΩ , (6)
in action (1), where Ω is a background superﬁeld. Then the theory is invariant under the background gauge transformations
φ → eiΛφ, V → eiK V e−iK , eΩ → eiK eΩe−iΛ, eΩ+ → eiΛ+eΩ+e−iK , (7)
where K is an arbitrary real superﬁeld, and Λ is a background-chiral superﬁeld. This invariance allows to set Ω =Ω+ = V.
It is convenient to choose a regularization and gauge ﬁxing so that invariance (7) is unbroken. First, we ﬁx a gauge by adding
Sgf = − 132e2 tr
∫
d4xd4θ
(
V D2 D¯
2
V + V D¯2D2V ) (8)
to the action. The corresponding Faddeev–Popov and Nielsen–Kallosh ghost Lagrangians are constructed by the standard way.
For regularization we add the terms
SΛ = 1
2e2
tr Re
∫
d4xd4θ V
(D2μ)
n+1
Λ2n
V + 1
8
∫
d4xd4θ
((
φ∗
)i[
eΩ
+
e2V
(D2α)
m
Λ2m
eΩ
]
j
i φ j +
(
φ∗
)i[
eΩ
+ (D2α)
m
Λ2m
e2V eΩ
]
j
i φ j
)
, (9)
where Dα is the background covariant derivative and we assume that m < n.1 (Because the considered theory contains a nontrivial
superpotential, it is also necessary to introduce the higher covariant derivative term for the matter superﬁelds.)
The regularized theory is evidently invariant under the background gauge transformations. The regularization, described above, is rather
simple, but breaks the BRST-invariance of the action. That is why it is necessary to use a special subtraction scheme, which restore the
Slavnov–Taylor identities in each order of the perturbation theory [21]. For the supersymmetric case such a scheme was constructed in
Ref. [22].
It is well known [23] that the higher covariant derivative term does not remove divergences in the one-loop approximation. In order
to cancel the remaining one-loop divergences, it is necessary to introduce into the generating functional the Pauli–Villars determinants
∏
I
(∫
Dφ∗I DφI eiS I
)−cI
, (10)
1 Other choices of the higher derivative terms are also possible.
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S I = 1
8
∫
d4xd4θ
((
φ∗I
)i[
eΩ
+
e2V
(
1+ (D
2
α)
m
Λ2m
)
eΩ
]
j
i (φI ) j +
(
φ∗I
)i[
eΩ
+
(
1+ (D
2
α)
m
Λ2m
)
e2V eΩ
]
i
j(φI ) j
)
+
(
1
4
∫
d4xd2θ MijI (φI )i(φI ) j + h.c.
)
. (11)
The masses of the Pauli–Villars ﬁelds are proportional to the parameter Λ:
MijI = aijI Λ. (12)
This means that Λ is the only dimensionful parameter of the regularized theory. We assume that the mass term does not break the gauge
invariance. Also we will choose the masses so that
MijI
(
M∗I
)
jk = M2I δik. (13)
The coeﬃcients cI satisfy the conditions∑
I
cI = 1,
∑
I
cIM
2
I = 0. (14)
The generating functional for connected Green functions and the effective action are deﬁned by the standard way.
In this Letter we will calculate the β-function. We use the following notation. Terms in the effective action, corresponding to the
renormalized two-point Green function of the gauge superﬁeld, are written as
Γ
(2)
V = −
1
8π
tr
∫
d4p
(2π)4
d4θ V(−p)∂2Π1/2V(p)d−1(α,λ,μ/p), (15)
where α is a renormalized coupling constant. We calculate
d
d lnΛ
(
d−1(α0, λ0,Λ/p) − α−10
)∣∣
p=0 = −
dα−10
d lnΛ
= β(α0)
α20
. (16)
The anomalous dimension is deﬁned similarly. First we consider the two-point Green function for the matter superﬁeld in the massless
limit:
Γ
(2)
φ =
1
4
∫
d4p
(2π)4
d4θ
(
φ∗
)i
(−p, θ)φ j(p, θ)(ZG)i j(α,λ,μ/p), (17)
where Z denotes the renormalization constant for the matter superﬁeld. Then the anomalous dimensions is deﬁned by
γi
j(α0(α,λ,Λ/μ))= − ∂
∂ lnΛ
(
ln Z(α,λ,Λ/μ)
)
i
j. (18)
3. Two-loop β-function
After calculation of the supergraphs, we have obtained the following result for the two-loop β-function:
β2(α) = −3α
2
2π
C2 + α2T (R)I0 + α3C22 I1 +
α3
r
C(R)i
jC(R) j
i I2 + α3T (R)C2 I3 + α2C(R)i j
λ∗jklλ
ikl
4πr
I4, (19)
where the following notation is used:
tr
(
T AT B
)≡ T (R)δAB , (T A)ik(T A)k j ≡ C(R)i j, f ACD f BCD ≡ C2δAB , r ≡ δAA . (20)
(Note that T (R) = C(R)i i/r.) Here
Ii = Ii(0) −
∑
I
cI Ii(MI ) for I = 0,2,3, (21)
and the integrals I0(M), I1, I2(M), I3(M) and I4 are given by
I0(M) = 4π
∫
d4q
(2π)4
d
d lnΛ
1
q2
d
dq2
[
ln
(
q2
(
1+ q2m/Λ2m)2 + M2)+ M2
q2(1+ q2m/Λ2m)2 + M2
− 2mq
2m/Λ2mq2(1+ q2m/Λ2m)
q2(1+ q2m/Λ2m)2 + M2
]
, (22)
2 Note that this action differs from the one, used in [18], because here the quotient of the coeﬃcients in the kinetic term and in the mass term does not contain the
factor Z . Using terminology of Ref. [24], one can say that here we calculate the canonical coupling αc , while in Ref. [18] we calculated the holomorphic coupling αh . Certainly,
after the renormalization the effective action does not depend on the deﬁnitions. However, the deﬁnitions used here are much more convenient.
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∫
d4q
(2π)4
d4k
(2π)4
d
d lnΛ
1
k2
d
dk2
[
1
q2(q + k)2(1+ q2n/Λ2n)(1+ (q + k)2n/Λ2n)
×
(
n + 1
(1+ k2n/Λ2n) −
n
(1+ k2n/Λ2n)2
)]
, (23)
I2(M) = −16π2
∫
d4q
(2π)4
d4k
(2π)4
d
d lnΛ
1
q2
d
dq2
(1+ (q + k)2m/Λ2m)
((q + k)2(1+ (q + k)2m/Λ2m)2 + M2)
× 1
k2(1+ k2n/Λ2n)
[
q4(2+ (q + k)2m/Λ2m + q2m/Λ2m)2(1+ q2m/Λ2m)3
(q2(1+ q2m/Λ2m)2 + M2)2
+mq2m/Λ2m
(
−2q
2(2+ (q + k)2m/Λ2m + q2m/Λ2m)(1+ q2m/Λ2m)
q2(1+ q2m/Λ2m)2 + M2 +
q2(2+ (q + k)2m/Λ2m + q2m/Λ2m)2
q2(1+ q2m/Λ2m)2 + M2
− 2q
2M2(2+ (q + k)2m/Λ2m + q2m/Λ2m)2
(q2(1+ q2m/Λ2m)2 + M2)2
)]
, (24)
I3(M) = 4π2
∫
d4q
(2π)4
d4k
(2π)4
d
d lnΛ
{
∂
∂qα
[
kα
(k + q)2(1+ (q + k)2n/Λ2n)
×
(
− (2+ k
2m/Λ2m + q2m/Λ2m)2(1+ k2m/Λ2m)3(1+ q2m/Λ2m)
(k2(1+ k2m/Λ2m)2 + M2)2(q2(1+ q2m/Λ2m)2 + M2)
− mk
2m/Λ2m(2+ k2m/Λ2m + q2m/Λ2m)2(1+ q2m/Λ2m)
k2(k2(1+ k2m/Λ2m)2 + M2)(q2(1+ q2m/Λ2m)2 + M2)
+ 2mk
2m/Λ2m(2+ k2m/Λ2m + q2m/Λ2m)(1+ k2m/Λ2m)(1+ q2m/Λ2m)
k2(k2(1+ k2m/Λ2m)2 + M2)(q2(1+ q2m/Λ2m)2 + M2)
+ 2mM
2k2m/Λ2m(2+ k2m/Λ2m + q2m/Λ2m)2(1+ q2m/Λ2m)
k2(k2(1+ k2m/Λ2m)2 + M2)2(q2(1+ q2m/Λ2m)2 + M2)
)]
− 1
k2
d
dk2
[
2(2+ (q + k)2m/Λ2m + q2m/Λ2m)2(1+ q2m/Λ2m)(1+ (q + k)2m/Λ2m)
(q2(1+ q2m/Λ2m)2 + M2)((q + k)2(1+ (q + k)2m/Λ2m)2 + M2)
×
(
1
(1+ k2n/Λ2n) +
nk2n/Λ2n
(1+ k2n/Λ2n)2
)]}
,
I4 = 64π2
∫
d4q
(2π)4
d4k
(2π)4
d
d lnΛ
1
q2
d
dq2
[
1
k2(q + k)2(1+ k2m/Λ2m)
1
(1+ (q + k)2m/Λ2m)
×
(
1
(1+ q2m/Λ2m) +
mq2m/Λ2m
(1+ q2m/Λ2m)2
)]
. (25)
It is easy to see that all these integrals are integrals of total derivatives, due to the identity
∫
d4q
(2π)4
1
q2
d
dq2
f
(
q2
)= 1
16π2
(
f
(
q2 = ∞)− f (q2 = 0)), (26)
which can be easily proved in the four-dimensional spherical coordinates. Using this identity we ﬁnd
I0 = 1
4π
d
d lnΛ
(∑
I
cI lnM
2
I
)
= 1
2π
,
I1 = −6
∫
d4q
(2π)4
d
d lnΛ
[
1
q4(1+ q2n/Λ2n)2
]
= − 3
4π2
,
I2 =
∫
d4k
(2π)4
d
d lnΛ
[
(2+ k2m/Λ2m)2
k4(1+ k2n/Λ2n)(1+ k2m/Λ2m)
]
= 1
2π2
,
I3 =
∫
d4q
(2π)4
d
d lnΛ
[
2
q4
−
∑
I
cI
2(1+ q2m/Λ2m)4
(q2(1+ q2m/Λ2m)2 + M2I )2
]
= 1
4π2
,
I4 = −
∫
d4k
(2π)4
d
d lnΛ
[
4
k4(1+ k2m/Λ2m)2
]
= − 1
2π2
. (27)
Note that the Pauli–Villars ﬁelds nontrivially contributes only to integrals I0 and I3, where they are very important. For example, in the
two-loop integral I3 the Pauli–Villars contribution cancels the one-loop subdivergence, produced by the matter superﬁelds.
Thus, in the two-loop approximation
β(α) = − α
2 (
3C2 − T (R)
)+ α3
2
(
−3C22 + T (R)C2 +
2
C(R)i
jC(R) j
i
)
− α
2C(R)i jλ∗jklλ
ikl
3
+ · · · . (28)2π (2π) r 8π r
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γi
j(α) = −αC(R)i
j
π
+ λ
∗
iklλ
jkl
4π2
+ · · · , (29)
we see that our result agrees with the exact NSVZ β-function [25]
β(α) = −α
2[3C2 − T (R) + C(R)i jγ j i(α)/r)]
2π(1− C2α/2π) . (30)
Up to notation, this result is in agreement with the results of calculations made with the dimensional reduction, see e.g. [3].
4. Conclusion
In this Letter we demonstrate, how the two-loop β-function in N = 1 supersymmetric theories can be calculated with the higher
covariant derivative regularization. The most interesting feature of this calculation is the factorization of rather complicated integrals into
integrals of total derivatives. Partially this fact can be explained substituting solutions of Slavnov–Taylor identities into the Schwinger–
Dyson equations. However, a complete proof of this fact has not yet been done. Its origin is also so far unclear. Possibly, this feature appears
due to using of the background ﬁeld method [26]. Factorization of integrals, obtained with the higher covariant derivative regularization,
into integrals of total derivatives can allow to do a simple derivation of the Novikov, Shifman, Vainshtein, and Zakharov β-function, which
relates n-loop contribution to the β-function with the β-function and the anomalous dimension in previous loops. In this Letter we have
shown how this can be done at the two-loop level.
Acknowledgements
This work was partially supported by RFBR grant No. 08-01-00281a. K.V. Stepanyantz is very grateful to Dr. O.J. Rosten for a valuable
discussion.
References
[1] G. t’ Hooft, M. Veltman, Nucl. Phys. B 44 (1972) 189.
[2] W. Siegel, Phys. Lett. B 84 (1979) 193.
[3] L.V. Avdeev, O.V. Tarasov, Phys. Lett. B 112 (1982) 356;
L.F. Abbott, M.T. Grisary, D. Zanon, Nucl. Phys. B 244 (1984) 454;
A. Parkes, P. West, Phys. Lett. B 138 (1983) 99;
I. Jack, D.R.T. Jones, C.G. North, Phys. Lett. B 386 (1996) 138;
I. Jack, D.R.T. Jones, C.G. North, Nucl. Phys. B 473 (1996) 308;
I. Jack, D.R.T. Jones, C.G. North, Nucl. Phys. B 486 (1997) 479;
I. Jack, D.R.T. Jones, A. Pickering, Phys. Lett. B 435 (1998) 61.
[4] W. Siegel, Phys. Lett. B 94 (1980) 37.
[5] D. Stöckinger, JHEP 0503 (2005) 076;
W. Hollik, D. Stöckinger, hep-ph/0509298;
A. Signer, D. Stöckinger, Phys. Lett. B 626 (2005) 127.
[6] J. Mas, M. Perez-Victoria, C. Seijas, JHEP 0203 (2002) 049.
[7] D.Z. Freedman, K. Johnson, J.I. Latorre, Nucl. Phys. B 371 (1992) 353.
[8] A.A. Slavnov, Nucl. Phys. B 31 (1971) 301;
A.A. Slavnov, Theor. Math. Phys. 13 (1972) 1064.
[9] V.K. Krivoshchekov, Theor. Math. Phys. 36 (1978) 745.
[10] P. West, Nucl. Phys. B 268 (1986) 113.
[11] C. Martin, F. Ruiz Ruiz, Nucl. Phys. B 436 (1995) 645.
[12] M. Asorey, F. Falceto, Phys. Rev. D 54 (1996) 5290;
T. Bakeyev, A. Slavnov, Mod. Phys. Lett. A 11 (1996) 1539.
[13] D.J. Gross, F. Wilczek, Phys. Rev. Lett. 30 (1973) 1343;
H.D. Politzer, Phys. Rev. Lett. 30 (1973) 1346.
[14] P. Pronin, K. Stepanyantz, Phys. Lett. B 414 (1997) 117.
[15] S. Arnone, T.R. Morris, O.J. Rosten, JHEP 0510 (2005) 115;
T.R. Morris, O.J. Rosten, J. Phys. A 39 (2006) 11657;
O.J. Rosten, arXiv:0808.2150 [hep-th].
[16] S. Arnone, A. Gatti, T.R. Morris, O.J. Rosten, Phys. Rev. D 69 (2004) 065009;
T.R. Morris, O.J. Rosten, Phys. Rev. D 73 (2006) 065003.
[17] S. Arnone, Y.A. Kubyshin, T.R. Morris, J.F. Tighe, Int. J. Mod. Phys. A 17 (2002) 2283.
[18] A.A. Soloshenko, K.V. Stepanyantz, hep-th/0304083;
A.A. Soloshenko, K.V. Stepanyantz, Theor. Math. Phys. 140 (2004) 1264.
[19] A.B. Pimenov, E.S. Shevtsova, A.A. Soloshenko, K.V. Stepanyantz, Russ. Phys. J. 51 (2008) 444.
[20] P. West, Introduction to Supersymmetry and Supergravity, World Scientiﬁc, 1986.
[21] A.A. Slavnov, Phys. Lett. B 518 (2001) 195;
A.A. Slavnov, Theor. Math. Phys. 130 (2002) 1.
[22] A.A. Slavnov, K.V. Stepanyantz, Theor. Math. Phys. 135 (2003) 673;
A.A. Slavnov, K.V. Stepanyantz, Theor. Math. Phys. 139 (2004) 599.
[23] L.D. Faddeev, A.A. Slavnov, Gauge Fields, Introduction to Quantum Theory, second edition, Benjamin, Reading, 1990.
[24] N. Arkani-Hamed, H. Murayama, JHEP 0006 (2000) 030.
[25] V. Novikov, M. Shifman, A. Vainstein, V. Zakharov, Nucl. Phys. B 229 (1983) 381;
V. Novikov, M. Shifman, A. Vainstein, V. Zakharov, Phys. Lett. B 166 (1985) 329;
M.A. Shifman, A.I. Vainshtein, Nucl. Phys. B 227 (1986) 456.
[26] A. Smilga, A. Vainstein, Nucl. Phys. B 704 (2005) 445.
